Published by Institute of Physics Publishing for SISSA Received: October 3, 2005 Accepted: October 4, 2005 Published: October 20, 2005

Counterterms and dual holographic anomalies in CS gravity

Máximo Bañados,^a Rodrigo Olea^a and Stefan Theisen^b

aDepartamento de Física, P. Universidad Católica de Chile Casilla 306, Santiago 22, Chile bMax-Planck-Institut für Gravitationphysik, Albert-Einstein-Institut 14476 Golm, Germany E-mail: mbanados@fis.puc.cl, rolea@fis.puc.cl, theisen@aei.mpg.de

Abstract: The holographic Weyl anomaly associated to Chern-Simons gravity in 2n + 1 dimensions is proportional to the Euler term in 2n dimensions, with no contributions from the Weyl tensor. We compute the holographic energy-momentum tensor associated to Chern-Simons gravity directly from the action, in an arbitrary odd-dimensional spacetime. We show, in particular, that the counterterms rendering the action finite contain only terms of the Lovelock type.

Keywords: Chern-Simons Theories, AdS-CFT and dS-CFT Correspondence, Anomalies in Field and String Theories.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep102005067 /jhep102005067 .pdf

The AdS/CFT correspondence [1 – 3] provides a prescription to compute vacuum expectation values of CFT operators in terms of dual classical fields on AdS. This prescription has been checked successfully in many examples. In particular, the CFT energy momentum tensor T^{ij} is dual to the spacetime metric governed by Einstein’s equations with a negative cosmological constant. One can use the correspondence to compute the CFT Weyl anomaly. This calculation was indicated in [3], and carried on in detail in [4] with the expected result

⟨T^μ_μ ⟩ = A =

N^2 32π^2 � R^{ij}R_{ij} − 1 3 R^2 � , (1)

for N = 4 SU(N) SYM theory in four dimensions which is dual to type-IIB string theory on AdS_5 × S^5.

For a CFT (in d = 4) with n_s real scalars, n_f Dirac spinors and n_v vectors the anomaly is [5] A = c C^2 − a E_4 (2)

with a = 1 360(4π)^2

(n_s + 11n_f + 62n_v ) (3) c = 1 120(4π)^2

(n_s + 6n_f + 12n_v) , (4)

and the curvature invariants E_4 and C^2 are

E_4 = R^{ijkl}R_{ijkl} − 4R^{ij} R_{ij} + R^2 , C^2 = C^{ijkl}C_{ijkl} . (5)

Of course, (2) reduces to (1) for the N = 4 multiplet with n_s = 6, n_f = 2 and n_v = 1 [4].

In higher (even) dimensions, the anomaly is always characterized by the coefficient multiplying the Euler density and an increasing number of coefficients c_i^1 multiplying curvature invariants which transform homogeneously under Weyl rescaling of the metric. This classification of anomalies has been identified in [8] where they were called type A and type B.

One general feature of any four-dimensional CFT whose dual gravity theory is the Einstein-Hilbert action with cosmological constant is that the two anomaly coefficients a and c are equal [4]. For a generic CFT this is, however, not the case. Specific examples are the theories constructed in [9]. This is reflected in the dual gravity theory by the presence of higher derivative terms. For the theories of [9] they arise from similar terms on the world-volume of D7 branes which are needed for their construction.

Consider, for example, the following action in five dimensions I = 1 2κ^2_5 � d^5x √ −G � R̂ − 2Λ + α R̂^2 + βR̂^{μν} R̂_{μν} + γR^{μνλρ} R_{μνλρ} � . (6)

1i = 1 for d = 4, i = 1, 2, 3 for d = 6 [6], i = 1, . . . , 12 for d = 8 [7], while the number of Weyl-invariants in general dimension is still unknown.

– 1 –

Hatted objects refer to spacetime tensors. The Weyl anomaly, associated to the CFT dual to (6) was calculated in [10 – 12] with the result, A = R^2_{AdS5} 16κ^2_5 � (1 − 40α − 8β + 4γ)C^2 − (1 − 40α − 8β − 4γ)E_4 � . (7)

Using the AdS/CFT relations between the string theory and the gauge theory parameters one finds for the theories constructed in [9] that the coefficients in front of the higher derivative terms are O(1/N) and consequently a − c ∼ N (with a, c ∼ N^2). However, for realistic CFT’s such as (S)QCD inside its conformal window one has a − c ∼ N^2. So far no critical string theory dual for such theories has been found (for attempts within the context of non-critical strings, see [13, 14]).

We consider in this note a particular case of the action (6) in which the coefficients take the values^2 Λ = −3, β = −4α = −4γ = −1 . (8)

For this choice, the gauge symmetries of the action are enhanced and I reduces to the five dimensional Chern-Simons form [15] I = � Tr � AdAdA + 3 2 dAA^3 + 3 5 A^5 � (9) for the group SO(4, 2). Arbitrary odd dimensions will be considered below.

Note that the action (9) can be written as polynomial in the curvatures, and is invariant under diffeomorphisms. This action, for the group SO(4, 2), should not be confused with the gravitational Chern-Simons term associated to the Lorentz group which cannot be written as a polynomial in the curvatures. Lorentz Chern-Simons terms contribute to holographic gravitational anomalies, as recently pointed out in [19, 20].

The gravitational theories (9) cannot be considered as duals to realistic conformal field theories as they are necessarily non-unitary [16]. But they exhibit peculiar features as far as the anomalies are concerned [16]. In fact, the coefficient c of the anomaly vanishes identically, as it can be readily checked by inserting (8) in (7). The anomaly is then given by the the Euler term alone. In that spirit, one may wonder whether the anomaly associated to Chern-Simons gravity in 2n+1 dimensions is the pure Euler term in 2n dimension. This turns out to be true, as indicated in [16] by an argument based on the equations of motion.

The goal of this note is to prove this statement by computing, directly from the action, the Chern-Simons-AdS holographic energy momentum tensor and its corresponding anomaly in any odd dimension 2n + 1.

We start by explaining the hamiltonian method to compute the holographic energy momentum tensor (see [21 – 23] for other hamiltonian approaches). In the ADM parametrization using r as “time” in D = d + 1 dimensions,

ds^2 = N^2 dr^2 + h_{ij} (r, x)(dx^i + N^idr)(dx^j + N^j dr) . (10)

2The AdS radius l has been set to unity.

– 2 – the gravitational action can be cast in the hamiltonian form,^3

I_0 = � dr � d^dx � π^{ij} h^′_{ij} + NH + N^iH_i � . (11)

This form of the action is universal and follows by geometrical considerations. The explicit formulae for the constraints vary depending on the particular theory. But for any invariant theory of gravity, the action can always be cast into the form (11). The action I_0 needs boundary terms and counterterms to be well defined. For the problem at hand, these can be computed as follows.

The on-shell variation of I_0 (assuming that the bulk fields satisfy the equations of motion) is

δI_0 = � r=ε d^dxπ^{ij}δh_{ij} . (12)

Now, we make a definite choice for the lapse N and shift N^i functions at infinity, and assume the FG form for the asymptotic metric

ds^2 = dr^2 4r^2 + 1 r g_{ij} (x^i, r)dx^idx^j (13)

which corresponds to N =^1_{2r} , N^i = 0 and h_{ij} =^1_r g_{ij} . We shall not need to solve the asymptotic equations, nor assume a particular expansion^4 for g_{ij} (r, x^i). We only assume that the limit r → 0, g_{ij} (x^i, r) −→ g_{(0)ij} (x^i) (14)

exists. Under these conditions we will show that the variation (12) can be rewritten in the form,

δI_0 = � r=ε d^dx � 1 2 � g_{(0)} T^{ij} δg_{(0)ij} + δB � (15)

where T^{ij} is finite, and B is a (divergent) local functional of g_{ij} .

From (15) we conclude that the correct gravitational action is obtained by passing the term B to the left hand side. We define the renormalized action

I ≡ I_0 − � d^dx B . (16)

From (15) we see that its variation with respect to g_{(0)ij} is well defined and finite. Our goal is now to compute the counterterm B, and the coefficient T^{ij} which becomes the holographic energy momentum tensor.

3We choose to start with the hamiltonian action for convenience, but one may well start with the lagrangian action. In this context, it would be interesting to explore how the conformal anomaly appears in the regularization scheme for CS-AdS gravity action proposed in [24].

4For standard gravity [25], gij ≃ g_{(0)ij} +r g_{(1)ij} +r^2 g_{(2)ij} · · · . The coefficient g_{(1)} is universal and locally related to g_{(0)}. The energy momentum tensor depends [26, 27] on g_{(n)} which is non-locally related to g_{(0)}.

– 3 –

This procedure was carried out in [16] for Einstein gravity, and five-dimensional Chern- Simons gravity. We shall now extend these results for Chern-Simons gravity in any odd dimension D = 2n + 1. In particular, we shall compute the explicit formula for B, which turns out to be a Lovelock action in 2n dimensions.^5

It is worth mentioning here that the standard procedure to find the 1-point function (see [29] for a review), by solving the asymptotic equations, inverting the series, and varying with respect to the regularized metric becomes unfeasible in Chern-Simons gravity due to the higher powers in the curvature tensor and the resulting complicated equations of motion. The method, described above, for finding the variation of the action becomes extremely powerful if one deals with complicated actions of gravity.

Let us apply this procedure to Chern-Simons gravity in arbitrary dimensions. Chern- Simons gravities are particular cases of Lovelock gravities. The Lovelock action is [30], I = � 2p<D

α_pI_{(p)} (17)

where the terms I_{(p)}

I_{(p)} = 1 2p! � dr d^dx √ −Gδ^{[μ 1...μ 2p]}

[μ_1...μ_{2p}]

R̂^μ 1^μ 2_{μ 1μ 2} . . . R̂^{μ 2p−1 μ 2p}

μ_{2p−1} μ_{2p} (18)

represent the dimensional continuation of the Euler densities of the lower dimensions.

The hamiltonian structure of this action was studied in [31]. For this theory, the “velocities” h^′_{ij} cannot be inverted as functions of the momenta. But the relation π^{ij} (h^′_{kl}) does exists [31],

π^i_j = 1 4 � p≥0 α_p p−1� s=0 C_{s(p)} � π_{s(p)}

�_i j (19)

where � π_{s(p)}

�_i j = √ −hδ^{[ii1...i2s...i2p−1 ]}

[jj_1...j_{2s}...j_{2p−1} ]

R̂^{j1j2}_{i1i2} . . . R̂^{j2s−1 j2s}

i_{2s−1} i_{2s} K j_{2s+1} i_{2s+1} . . . K j_{2p−1} i_{2p−1} , (20)

and K_{ij} is the extrinsic curvature of the r = const. submanifolds. The coefficients C_{s(p)} are C_{s(p)} =

4^{p−s} s! [2(p − s) − 1]!!

. (21)

For the particular case of Chern-Simons gravity, the coefficients α_p entering in (17) are fixed to α_p = n! [2(n − p)]! 2^{p−1} (n − p)!

. (22)

For this choice, the lagrangian in (17) becomes a Chern-Simons form satisfying dL = F^{n+1}, with F ∈ SO(2n, 2). We shall not, however, make use of the “gauge theory” formulation.

5A note of caution is in order here. As shown in [27, 28], when matter fields are present, the counterterm action contributes to the finite piece in a non-trivial way. Here, we restrict the discussion to the matter free action, and leave for the future a more general analysis.

– 4 –

For the choice (22), the momenta can be rewritten in a more compact form, written in terms of a continuous parameter t ∈ [0, 1],

π^i_j = n √ −h �_1 0 dtδ^{[ii1...i2n−1 ]}

[jj_1...j_{2n−1} ]K j_1 i_1 � 1 2 R^{j2j3}_{i2i3} (h) − t^2K^{j2}_{i2} K^{j3}_{i3} + δ^{j2}_{i2} δ^{j3}_{i3} � × · · · × � 1 2 R^{j2n−2 j2n−1}

i_{2n−2} i_{2n−1} (h) − t

2K^{j2n−2}_{i2n−2} K^{j2n−1}_{i2n−1} + δ^{j2n−2}_{i2n−2} δ^{j2n−1}_{i2n−1} � . (23)

where we have used the Gauss-Codazzi relation in the radial foliation

R̂^{ij}_{kl} = R^{ij}_{kl}(h) − K^i_kK^j_l + K^i_l K^j_k . (24)

For notational simplicity in what follows we shall omit all indices. For example, the expression (23) for π^i_j will be written simply as,

π = n √ −h �_1 0 dt K � 1 2 R(h) − t^2KK + 1

�_{n−1} . (25)

It is straightforward to reinsert the indices. Note also that since all tensors have the same number of covariant and contravariant indices, no signs will be lost when manipulating expressions as (25).

We are now ready to compute the on-shell variation appearing in (12), δI_0 = � π^i_j h^{jk}δh_{ki} = � π^i_j g^{jk}δg_{ki}, for Chern-Simons gravity. Note that the extrinsic curvature K^i_j in the adapted frame (13) takes the simple form

K^j_i = δ^j_i − rk^j_i , with k^j_i = g^{jl}g^′_{li} (26)

and the Riemann tensor R^{ij}_{kl}(h) = r R^{ij}_{kl}(g) . (27)

Inserting this form for K and R(h) into (12), and using (25), we obtain

δI^{(n)}_0 = � r=ε d^{2n}x n r^n

�_1 0 dt √ −g(1 − rk) � r 2 R(g) − t^2(1 − rk)^2 + 1

�_{n−1} g^{−1} δg , (28)

This formula has a remarkable structure. As an example we display here the first few values of n = 2, 3, 4 corresponding to dimensions D = 5, 7, 9 (keeping only the finite and divergent terms in the limit ε → 0),

δI^{(2)}_0 = � r=ε d^4x √ −g � k^2 + 1 2 Rk − 1 2r R − 2 3r^2 � g^{−1} δg

δI^{(3)}_0 = � r=ε d^6x √ −g � 1 4 kR^2 + k^2R + 4 3 k^3 − 1 4r R^2 − 2 3r^2 R − 8 15r^3 � g^{−1} δg

δI^{(4)}_0 = � r=ε d^8x √ −g � 3 4 k^2R^2 + 1 8 kR^3 + 2k^3R + 2k^4 − 1 8r R^3 − − 1 2r^2

R^2 − 4 5r^3 R − 16 35r^4 � g^{−1} δg

δI^{(5)}_0 = . . . (29)

– 5 –

We note that the divergent terms (as ε → 0) only depend on g_{ij} and its associated curvature R(g), but not on k. This means that these terms can be written as total variations. In fact, reinserting the indices, these terms contain the product of p curvatures which can easily be written as a total variation, √ −gR^p g^{−1} δg = √ −gδ^{[ii1...i2p−1 ]}

[jj_1...j_{2p−1} ]R j_1j_2 i_1i_2 . . . R j_{2p−2} j_{2p−1} i_{2p−2} i_{2p−1} g

jlδg_{li}

= 2δ �√ −gδ^{[i1...i2p]}

[j_1...j_{2p}]R j_1j_2 i_1i_2 . . . R j_{2p−1} j_{2p} i_{2p−1} i_{2p} � (30)

with p = 0 . . . n − 1. Note that the second line is valid up to a boundary term. The counterterm B is thus a local functional of g_{ij} of the Lovelock type in 2n dimensions. We give the explicit form below.

Let us now prove that the structure displayed in (29) is a general property of Chern- Simons gravities present for all dimensions. We go back to eq. (28). Our aim is to prove that the divergent terms in this expression do not contain k. To this end, we shall take the derivative of (28) with respect to k, and prove that it gives a finite quantity. We compute,

∂(δI_0) ∂k = −n � r=ε d^{2n}x √ −g r^{n−1}

�_1 0 dt � � r 2 R − t^2(1 − rk)^2 + 1

�_{n−1}

− (31)

− 2t^2(1 − rk)^2 � r 2 R − t^2(1 − rk)^2 + 1

�_{n−2} �

g^{−1} dg .

We see that the integrand is a total derivative respect to t d dt � t � r 2 R − t^2(1 − rk)^2 + 1

�_{n−1} �

. (32)

This means that the integral over t can be perform explicitly and we get

∂(δI_0) ∂k = −n � r=ε d^{2n}x √ −g � 1 2 R + 2k + rk^2

�_{n−1}

g^{−1} dg (33)

which is explicitly finite in the limit ε → 0.

The piece in δI_0 that depends on k is thus finite, and can be evaluated at ε = 0 directly. Integrating (33) we find a simple formula for the finite piece

δI_{fin} = −n � d^{2n}x � −g_{(0)}

�_1 0 dt k � 1 2 R_{(0)} + 2tk

�_{n−1}

g^{−1}_{(0)} δg_{(0)} (34)

where g_{(0)ij} = g_{ij} evaluated at r = 0. Putting back all indices and varying with respect to g_{(0)ij} , we finally reach at the general formula for the holographic energy momentum tensor,

T^i_j = g_{(0)jl} 2 � −g_{(0)} δI_{fin} δg_{(0)li} = n �_1 0 dtδ^{[ii1...i2n−1 ]}

[jj_1...j_{2n−1} ]k j_1 i_1 � 1 2 R^{j2j3}_{i2i3} (g) + 2tk^{j2}_{i2} δ^{j3}_{i3} � × · · · × � 1 2 R^{j2n−2 j2n−1}

i_{2n−2} i_{2n−1} (g) + 2tk j_{2n−2} i_{2n−2} δ j_{2n−1} i_{2n−1} � . (35)

It is direct to see that this formula reproduces the finite pieces in the above variations. This formula is in full agreement with the result of [16]. As shown in that reference, using

– 6 – the equations of motion, the trace of T^{ij} can be written purely in terms of g_{(0)ij} , and it is equal to the 2n-dimensional Euler density

T^i_i = 1 2^n δ^{[i1...i2n]}

[j_1...j_{2n}]R j_1j_2 i_1i_2 (g(0)) . . . R j_{2n−1} j_{2n} i_{2n−1} i_{2n} (g(0)) . (36)

We end by displaying the explicit formula for B. Reinserting all indices the formula reproducing the divergent pieces in δI_0 is,

δB = n 2^{n−1} √ −g ε^n

�_1 0 dtδ^{[ii1...i2n−1 ]}

[jj_1...j_{2n−1} ]δ j_1 i_1 � εR^{j2j3}_{i2i3} + 2 � 1 − t^2 � δ^{j2}_{i2} δ^{j3}_{i3} � × · · · × � εR^{j2n−2 j2n−1}

i_{2n−2} i_{2n−1} + 2 � 1 − t^2 � δ^{j2n−2}_{i2n−2} δ^{j2n−1}_{i2n−1} � g^{jl}δg_{li} . (37)

Now, (37) is exactly the variation of an action of the Lovelock type. In fact, this can be integrated to yield,

B = 2n(n − 1)! √ −g n−1� p=0 2^{n−2p−1} (2(n − p) − 1)!!

ε^{n−p} δ^{[i1...i2p]}

[j_1...j_{2p}]R j_1j_2 i_1i_2 . . . R j_{2p−1} j_{2p} i_{2p−1} i_{2p} (38)

which has exactly the form (17). We finally note that this counterterm action can be expressed in terms of the metric h_{ij} = g_{ij} /ε, and all dependence on the cutoff parameter ε disappears. This is presumably related to the character of the anomaly which is of type A, with no contributions from the Weyl tensor.

To summarize, we have shown that Chern-Simons gravity in D = 2n + 1-dimensional spacetimes has special features which allow the computation of the holographic energy momentum tensor explicitly for all n. We have also isolated the general form of the counterterm that renders the action finite, and show that it has the form of a Lovelock action in 2n dimensions.

Acknowledgments

MB was partially supported by Fondecyt grants # 1020832 and # 7020832, RO by Fondecyt grant #3030029 and ST by GIF - the German-Israeli Foundation for Scientific Research.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[4] M. Henningson and K. Skenderis, The holographic weyl anomaly, JHEP 07 (1998) 023 [hep-th/9806087].

[5] M.J. Duff, Twenty years of the Weyl anomaly, Class. and Quant. Grav. 11 (1994) 1387 [hep-th/9308075].

– 7 –

[6] L. Bonora, P. Pasti and M. Bregola, Weyl cocycles, Class. and Quant. Grav. 3 (1986) 635. [7] N. Boulanger and J. Erdmenger, A classification of local Weyl invariants in D = 8, Class.

and Quant. Grav. 21 (2004) 4305 [hep-th/0405228].

[8] S. Deser and A. Schwimmer, Geometric classification of conformal anomalies in arbitrary dimensions, Phys. Lett. B 309 (1993) 279 [hep-th/9302047].

[9] O. Aharony, J. Sonnenschein, S. Yankielowicz and S. Theisen, Field theory questions for string theory answers, Nucl. Phys. B 493 (1997) 177 [hep-th/9611222]; M.R. Douglas, D.A. Lowe and J.H. Schwarz, Probing F-theory with multiple branes, Phys. Lett. B 394 (1997) 297 [hep-th/9612062].

[10] S. Nojiri and S.D. Odintsov, On the conformal anomaly from higher derivative gravity in AdS/CFT correspondence, Int. J. Mod. Phys. A 15 (2000) 413 [hep-th/9903033].

[11] M. Blau, K.S. Narain and E. Gava, On subleading contributions to the AdS/CFT trace anomaly, JHEP 09 (1999) 018 [hep-th/9904179].

[12] A. Schwimmer and S. Theisen, Universal features of holographic anomalies, JHEP 10 (2003) 001 [hep-th/0309064].

[13] I.R. Klebanov and J.M. Maldacena, Superconformal gauge theories and non-critical superstrings, Int. J. Mod. Phys. A 19 (2004) 5003 [hep-th/0409133].

[14] F. Bigazzi, R. Casero, A.L. Cotrone, E. Kiritsis and A. Paredes, Non-critical holography and four-dimensional CFT’s with fundamentals, hep-th/0505140.

[15] A.H. Chamseddine, Topological gauge theory of gravity in five-dimensions and all odd dimensions, Phys. Lett. B 233 (1989) 291.

[16] M. Bañados, A. Schwimmer and S. Theisen, Chern-Simons gravity and holographic anomalies, JHEP 05 (2004) 039 [hep-th/0404245].

[17] M. Bañados, R. Troncoso and J. Zanelli, Higher dimensional Chern-Simons supergravity, Phys. Rev. D 54 (1996) 2605 [gr-qc/9601003].

[18] R. Troncoso and J. Zanelli, New gauge supergravity in seven and eleven dimensions, Phys.

Rev. D 58 (1998) 101703 [hep-th/9710180].

[19] P. Kraus and F. Larsen, Holographic gravitational anomalies, hep-th/0508218. [20] S.N. Solodukhin, Holography with gravitational Chern-Simons, hep-th/0509148. [21] D. Martelli and W. Muck, Holographic renormalization and ward identities with the Hamilton-Jacobi method, Nucl. Phys. B 654 (2003) 248 [hep-th/0205061].

[22] I. Papadimitriou and K. Skenderis, AdS/CFT correspondence and geometry,

hep-th/0404176.

[23] J. de Boer, E.P. Verlinde and H.L. Verlinde, On the holographic renormalization group, JHEP 08 (2000) 003 [hep-th/9912012].

[24] P. Mora, R. Olea, R. Troncoso and J. Zanelli, Finite action principle for Chern-Simons AdS gravity, JHEP 06 (2004) 036 [hep-th/0405267].

[25] C. Fefferman and C.R. Graham, Conformal invariants, in The mathematical heritage of Elie Cartan (Lyon 1984), Astérisque, Numero Hors Serie, 95, 1985.

– 8 –

[26] R.C. Myers, Stress tensors and Casimir energies in the AdS/CFT correspondence, Phys. Rev.

D 60 (1999) 046002 [hep-th/9903203].

[27] S. de Haro, S.N. Solodukhin and K. Skenderis, Holographic reconstruction of spacetime and renormalization in the AdS/CFT correspondence, Commun. Math. Phys. 217 (2001) 595 [hep-th/0002230].

[28] M. Bianchi, D.Z. Freedman and K. Skenderis, How to go with an RG flow, JHEP 08 (2001) 041 [hep-th/0105276].

[29] K. Skenderis, Lecture notes on holographic renormalization, Class. and Quant. Grav. 19 (2002) 5849 [hep-th/0209067].

[30] D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498.

[31] C. Teitelboim and J. Zanelli, Dimensionally continued topological gravitaion theory in hamiltonian form, Class. and Quant. Grav. 4 (1987) L125.

– 9 –